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(-, 3, OP'TE.IUM COYLAPTAP, FLIGHT BET'iF23.T OEBITS - 111 4- . 
[ Optimal nyy koailplanarnyy p o l e t  mezhdu o r b i t m i  J ,) 

The optimum coplanar  f l i g h t  between ass igned  o r b i t s  is consi-  

dered i n  t h i s  work. It i s  r e a l i z e d  with the  a i d  o f  a boost  with mini- 

mum value of c h a r a c t e r i s t i c  ve loc i ty .  This  ensures  the  minimum f u e l  

consumption. It i s  pos tu l a t ed  t h a t  t h e  motion on a l l  o r b i t s ,  whether 

- - I 

-~ 
i n i t i a l ,  in termediary or f i n a l ,  i s  -__ Keplerian.  ~ Two cases  are  considered, 

t he  f l i g h t  between c i r c u l a r  o r b i t s  and t h a t  between o r b i t s  of s m a l l  
e c c e n t r i c i t y .  The cases  of f l i g h t  without t a k i n g  i n t o  account t h e  

motion time, and those when account of concrehe motion time is taken,  

are d e a l t  with sepa ra t e ly .  

La-- 4 

- ..-__.a 

I n  t h e  f i r s t  approximation i t  is poss ib l e  t o  r e l a t e  these  pro- 

blems  t o  those of space probes t o  liars, Venus and o the r  planets of t he  

solar system, as , f o r  example, the f l i g h t  of the  i n t e r p l a n e t a r y  auto- 

natic s t a t i o n  Wars-1". The problems l inked  with AE3 o r b i t  v a r i a t i o n s ,  

and, in p a r t i c u l a r ,  t he  coplanar problem of h i t t i n g  another  s a t e l l i t e  

fron an assigned AES o r b i t  by means of a unique impulse (boos t ) ,  minimum 

from t h e  s tandpoin t  of m a s s  consumption, also belong t o  that category. 

* * *  
#1. - MINIPIUI4 O? TBE FUNCTION DEFINED BY A F-UKLY OF VASIrlBLES 

W I T H  TWO DISCONTINTJITIXS 

be the  unknown func t ion  of an independent v a r i a b l e  xej iu,  bj ,  continuous 
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everywhere wi th  the  p a r t i a l  d e r i v a t i v e s  with the  except ion of two 
ordinary d i s c o n t i n u i t i e s  of t he  first k ind  a t  two p o i n t s  

unknown beforehand. 

Xl,Xtr 

'dhenever they a r e  continuous, the  func t ions  ( 1 , l )  must everywhere 

s a t i s f y  the  system of d i f f e r e n t i a l  equat ion 

assuming a t  the same time t h a t  the condi t ions  of  theorem ex i s t ence  and 

uniqueness are f u l f i l l e d .  
We s h a l l  in t roduce  the  fol lowing denotat ions:  

For t h e  va lues  of  v a r i a b l e s  ( 1 , l )  a t  end p o i n t s  a, b and a t  p o i n t s  of 

d i s c o n t i n u i t y  XI, x2 t h e r e  is the system of condi t ions  
z 

'9s (a* b* ~ 2 1  Yiim  ill, y i , ,  yi2, yi22, Yi*b)=O, 
s=l, 2, ... , r < 3 n + 4 .  

.i'- :: tu. b.  XI. -5, J'il,,, !.'!ii. J'i 1 ,  ?'r 2 ,  yir, yL-:,j 

(1.41 
Let  us  cons ider  t he  assigned fulzction - 

(1,s) 
Funct ions (1,l) must be found, s a t i s f y i n g  both,  t h e  d i f f e r e n t i a l  

equa t ions  (1.2) and the  condi t ions  (1,4), and a l s o  t h e  end p o i n t s  a, b 
and the  d i s c o n t i n u i t y  po in t s  xl, x2 so t h a t  t he  func t ion  g have a 

minimum. 
de s h a l l  provide the  s o l u t i o n  of t h e  v a r i a t i o n a l  problem posed, 

i f  t h e  gene ra l  s o l u t i o n  of the system (1,2) is known: 

1,6) <I, i-. - - - V ; - Y ~ ( X .  c j ) = ( i ,  i, j = i .  2.  ... , 11, 

where c j  a r e  a r b i t r a r y  constants .  Je  s h a l l  es t imate ,  t h a t  t h e  func t ions  

have continuous p a r t i a l  d e r i v a t i v e s  over a l l  the  arguments, and t h a t  

t h e  determinant 



. 

3* 

Denoting 

we have : 

w i l l  be 

As a consequence of  c o r r e l a t i o n s  (1,9), t he  condi t ions  (1,4) 

. and the  func t ion  ( l , 5 )  will take the  form 

~ = i : ( a ,  -XI, x,, c;I, c;, Cjz) .  

The ear l ie r - formula ted  problem is  reduced i n  h i s  case ,o t h e  

equiva len t  problem of f i n d i n g  the minimum of the func t ion  of f i n i t e  

number of var iab les .  L%at is requi red  is the  determinat ion of  t he  

func t ion  (1 ,8 ) ,  i .e.  

cjl, Cj,ch,and of the  p o i n t s  a , b ,  XI, x2, s a t i s f y i n g  the  system of condi- 

t i o n s  (1,lO) i n  such a way, t h a t  t he  func t ion  ( 1 , l l )  have a minimum., 

. 

t h e  f ind ing  of the  value of a r b i t r a r y  cons t an t s  

If at  extreme values  of al*e;uments t h e  func t ions  (1,101 and (1,11) 
have continuous p a r t i a l  d e r i v a t i v e s  o f  t he  f i r s t  o rder , then ,  as is w e l l  

!mown [ l ] , i t  i s  necessary t h a t  there  e x i s t  such cons tan t  m u l t i p l i e r s  

f o r  which the  condi t ions . .. 
A,, h, - . - 9 b, 

r r 

s - I  
r 

s - I  
r 

s-I 

are f u l f i l l e d .  Horeover, i f  by i t s  arguments, t he  rank of the  matrix 
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c o n s t i t u t e d  of p a r t i a l  de r iva t ive  func t ions  

is equa l  t o  r, t he  m u l t i p l i e r s  AI, ... * a r e  unique. 
‘ps(a,-b, X I ,  X y ,  c ] ~ ,  Cj, c,%) 

Therefore a system of necessary condi t ion6 (1 ,12) -  (1,151, 
(1,101 i s  obtained from 3n + r + 4 equat ions wi th  the  very same number 

o f  unknowns .Tor the  s o l u t i o n  of the problem 

se t  up. 
I,, b, .I-,, x- ,  =j,, cj, c ~ , .  

I n  t h e  case of  a probleru with f i x e d  ends, i . e .  a t  va lues  

a, b, Yi10, yi2;,. f ixed  beforehand, the  cons t an t s  Cl i ,  c,- w i l l  be found 

u n i l a t e r a l l y ,  as a consequence of tho c o r r e l a t i o n  (1,7), and the  equa- 

t i o n s  (1,121 and (1,141 i n  the  system of indispensable  condi t ions  (1.10) 

and (1,121- (1,151, must be r e j ec t ed .  

#2.- SYSTEN OF NECESSARY COITDITIONS IN CASE OF A FLIGXT WITIIOUT 
TAKI11TG D!TO AGCOUTiT YE2 I,!OTION TIME IN ORBITS 

We s h a l l  def ine  t h e  complanar Keplerian o r b i t s  by the  fol lowing 

elements : 
1 

where a, e, 0 are r e s p e c t i v e l y  the  major semi-axis, the  e c c e n t r i c i t y  

and the  angular  d i s tance  from the 2 e r i c e n t e r  t o  the  po la r  ax is .  The 

polar angle  8 w i l l  be taken as t h e  independent va r i ab le .  

Assume t h a t  the i n i t i a l  o r b i t  has  the  elements P t r  Tis u’is and 
t h e  f i n a l  one - p2.  93, %. The i r n p l s e ,  as a r e s u l t  of which we 

o b t a i n  the  in te rmedia te  o r b i t  of the  f l i g h t  w i t h  the  elements p, q, , 
%&e= =lice a t  the tr ime when the po la r  angle  is 1. A t  &=a, t h i s  

o r b i t  w i l l  i n t e r s e c t  t he  f i n a l  o r b i t .  We now must f i n d  the  f l i g h t  o r b i t  

f o r  ass igned  i n i t i a l  and final o r b i t s ,  i . e .  i ts  elements p, q, o and 

also the  ang le s  81and s2, 
is t i -c  v e l o c i t y  of the i n i t i a l  impulse be a t  the  minimum. 

i n  such a way, t h a t  t h e  value of t h e  charac te r -  

bince tile elements of the boundary o r b i t s  pl* q1,” w:, and P2, 42. u’z 
a r e  assigned,  we s5all  u t i l i z e  f o r  t he  system of necessary condi t ions  

t h e  equat ions  (1,131 and (1,151, i n  which x1  and x2 play  the  r o l e  of  

$1 and $2, and p,, .q,, a),, p, q, 0,  p z ,  4*, 0 2  a r e  r e s p e c t i v e l y  taken f o r  



A t  elements' d i s c o n i t i n u i t y  p o i n t s  t he  fol lowing cond i t ions  

must be f u l f i l l e d :  

which, as a consecuence of c o r r e l a t i o n s  

(294) 
L' COS (3 - -1) =p? + pq  cos (" - f.) 1 -- 

a(i-cZ)-t a j l - e * )  

denote the  con t inu i ty  of the values of rad ius-vec tors  a t  these po in t s .  

Ne sha l l .  use f o r  the ?unction g 

where V,, Ve and V,,, \Is, a r e  r e spec t ive ly  the  r a d i a l  and t r ansve r se  

vec to r  components at the  po in t  of the  in i t ia l  impulse, p r i o r  and a f t e r  

t h e  la t ter ,  and 

K = R T M .  

I n  t h e  l a t t e r  c o r r e l a t i o n  k is the  g r a v i t a t i o n a l  constant ,  M is  t h e  

mass of t he  c e n t r a l  body M. Tfle neglec t  t he  m a s s  of the  rocke t  by com- 

parison with t h a t  of t h e  central body, and also t he  masses of p l a n e t s  

by comparison with that of t h e  Sun, whenever we analyze i n t e r p l a n e t a r y  

f l i g h t s .  

For v e l o c i t y  components, we have: 

where r1 is t h e  value of the rad ius-vec tor  a t  time of i n i t i a l  impulse. 

Yaking advantage of correlations ( 2 , 7 ) ,  ( 2 , 8 )  and of dependences 

r ~ ' = p ? - + p ' ~ c o s ( ~ l  -~*))=,v;+p,q,  cos(91-~,), (Z9) 

we traiisform the  func t ion  ( 2 , 5 )  as follows: 
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Effec t ing  the  d i f f e r e n t i a t i o n ,  we ob ta in  i n  the  f i n a l  form 

t he  system of necessary condi t ions:  

The last system c o n s i s t s  of seven equat ions wi th  seven unknowns p .  q. 
W, o,, a,, 4. The equat ions (2,121, (2,171 & (2,141, (2,15) may 

r e s p e c t i v e l y  s u b s t i t u t e d  by the  following ones, cons ider ing  t h a t  in 

(2,141 and (2,151 q # 0 : 

Remark 1.- ?le m u l t i p l i e r  A2 is f 0. In t he  oppos i te  aase 

the system of equations (2,111- (2,17) would break up i n t o  two inde- 
pendent groups (2 , l . l ) -  (2,l.G) and (2,171. The last equat ion (2,171 
is  the condi t ion  of fl ight orijit iatersectisn with the f i n a l  o r b i t .  

As t o  t h e  first groun of equat ions (2,111 - (2,161, i t  would def ine  

t h e  t r a n s i t i o n  t o  f l i g h t ' s  in te rmedia te  o r b i t  w i t h  minimum v e l o c i t y  

a c c r e t i o n ,  without any kind  of  limitations. It may be shown, t h a t  

such a m i n i n u  w i l l  be on the  f l i g h t  o r b i t  co inc id ing  wi th  the  i n i t i a l  

o rb i t ,  bu t  t h i s  case is excluded from the  cons idera t ion  as being t r i v i a l .  
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R e m a r k  2.- Assume that  p, q, 3 are found. Then the equat ion  

(2.17) will give,  ,qznerally speaking, two va lues  f o r  t he  angle $2 . 
As t o  t h e  e q u a t i o n ( 2 , U ) ,  i t  is the  condi t ion  f o r  t he  coincidence of 
these two va lues ,  as i s  easy t o  ve r i fy .  Therefore,  tangency of t h e  

f l i g h t  o r b i t  w i t h  %:?e i i n a l  one w i l l  t ake  p l ace  a t  the  po in t  $2. 
t h i s  should be e q e c t e d  from the purpor t  of the  problem set up. 

as 

Remark 3.- It follow6 from the  equat ions  (2,111, (2,151 and 

(2,161 t h a t  the tangency of  a nonci rcu lar  f l i g h t  o r b i t  (q # 0 )  with 

t h e  i n i t i a l  o r b i t  a t  the poin t  of i n i t i a l  impulse is  only poss ib l e  

i n  t h e  ca6e when t h e  l i n e s  of aps ides  of t h e  th ree  o r b i t s  coincide.  

$3. - FLIGtIT BEYdLEN CIRCULAR AND SMALL E C C E X T R I C I T Y  
O R Z I T S  WITHOUT TAKIFIG I N T O  ACCOUNT THY TIME 

O F  NOTION 

In case of c i r c u l a r  boundary o r b i t s  

q,=o, q2=o.  (2.1) 

sin(;), --.*,)=O, sin ( # l - t u ) = O .  (3.2) 

From t h e  equat ions  (2,111 and (2,121, we have 

s i n c e  we a r e  in a y o s i t i o n  t o  show t h a t  Al = 0 

remaining equat ions.  Reject ing t h e  t r i v i a l  case :)1=01, , we o b t a i n  

from t h e  i n e q u a l i t l e s  ( 3 , 2 )  two p o s s i b i l i t i e s  : 

does not  s a t i s f y  the  

Let  u s  in t roduce  d u a l  signs i t h e  -qpr czes fer t h e  case ( 3 , _ 3 ) ,  the  

lower ones for t he  case (3 ,4) .  The c o r r e l a t i o n s  (2,161 and (2,171 

w i l l  then give 

Since q > O  always, we s h a l l  ob ta in  i n  the  case ( 3 , 3 )  t he  

f l i g h t  from t he  o r b i t  of l e s s e r  rac?ius t o  t h a t  of  g r e a t e r  r ad ius ,  

L. e. r 2 > r l , & > p ,  and t h e  opposi te  in t he  case ( 3 , 4 ) ,  i . ' e .  r2<r l ,  .. PI</'.?- 
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The equat ion (2,15) is s a t i s f i e d  automatical ly .  From :he equa- 

t i o n s  (2,131 and (2,141 we f i n d  

Passing t o  I k p l e r i a n  elements i n  formulas (3 ,5) ,  we have: 

(3,T) 

where i n d i c e s  1 and 2 dero te  the r e spec t ive  r e fe rence  t o  initial and 

f i n a l  o r b i t s .  

thez$%%.m o r b i t  (with a prec is ion  t o  a r b i t r a r y  choice of 
Therefore ,  ir t > c  given case the  Homan e l l i p s e  r e s u l t e d  t o  be 

). 

Let us consider  now t he  f l i g h t  between o r b i t s  of small eccen- 

t r i c i t y ,  in t roducing  the s x a l l  paraneter ,  s o  t h a t  

q l = p q l ,  99=q , .  (33) 

‘dJe s h a l l  seek tl?e s o l u t i o n  of the  optimum problem, i. e. t h e  

s o l u t i o n  of equat ions  (2,11)- (2,171 i n  the  form of s e r i e s  by powers 

C and r e t a i n  only the  terms of t he  f i r s t  order.  ’.le shall denote by 
strokes t he  c o e f f i c i e n t s . o f  s e r i e s  a t  first powers of e ,  and without 

s t r o k e s  - the  q u a n t i t i e s  tnken on the  Soman e l l i p s e .  

By the  s t r e n g t h  of the system (2,111 - (2,171, and in t rodu-  

c i n g  the  denotat io3p A ,  B, R, S, w e  o b t a i n  
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From the  e q u a l i t i e s  ( 3 , 9 > ,  (3,101 and (3,131 we f i n d  

I n  t h e  equat ion obtained by s u b s t r a c t i o n  of equat ions  (2,111 

ant2 (2,121 from (2,151, we s h a l l  compute t h e  t e r m s .  o f  the second order 

r e l a t i v e  t o  ; 
tL3; + p; +- yo' = c, (3.20) 

where - I 
I p'-p,i .;  q f ]  sin - ol)- p2y:! izsin (ti2-w2>, 

- 2 + I.' j cos ( i l l  - @ I ) ,  9 =p2q;i2c0s (+-tlb; ; 

- a A - - f i B L C ,  &="'$-A, &=u, '+f? .  (3,221 

p" - Jj2 I ,  

. l  (3,21) 
[ p .  

e= 9; 

= p ,  4, I ;; 7 
I j' 

JJ 
v- I - 44; cos (0.. - @I. 

For tu'. i':, 8; 

s' = 

we shall f i n d  from (3,91, (3,101 and (3,201 

at-$+; 

L e t  us now conpare the r e s u l t s  obtained with those by Lawden 

[2] from a two-pulse f l i g h t  between o r b i t s .  I n  t h i s  last paper t h e  

value of  t h e  c h a r a c t e r i s t i c  ve loc i ty  of the  i n i t i a l  and final i iupul s t s  

(boos ts )  is minimized. The co r rec t ion  formulas f o r  t he  e c c e n t r i c i t y  

and t h e  parameter a r e  equivalent ,  i. e. 

t h e  same i n  both f l i g h t s .  I n  the  express ions  for t g o  the  c o e f f i c i e n t s  

s t and ing  a t  t r igonometr ic  *unctions d i f f e r  from t h e  corresponding 

c o e f f i c i e n t s  of  forAauln (;,I61 . 

t h e  shape of the  o r b i t  is 
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#4.- HOTION TIME ALONG THE ORBIT 

W e  s h a l l  f i n d  now t h e  motion t h e  a long  the  o r b i t  as a func t ion  

of t he  po la r  angle a. A s s u m e  t h a t  a polar angle  corresponds t o  the  

time tl and a polar angle 4 t o  t h e  time tZ. We s h a l l  in t roduce  t h e  

func t ion  
2 

+ = E C ( f , - f t , ) = * ( % ,  a,, p ,  q .  a), (491) 

where YL is given by t h e  formula ( 2 , 6 ) ,  and p, q r W  - by t h e  element6 

of the o r b i t  considered, 

From t he  su r face  i n t e g r a l  

r p  - C H )  = K j r ‘  (4.2) dt  
i t  is easy t o  f i n d  t h a t  - 

We s h a l l  compute t h e  p a r t i h l  der i .vat ives  i f  t he  func t ion  

3.-0 

Q Expanding t h e  func t ion  by by powers of e c c e n t r i c i t y  e t- 
P 

wi th  a p rec i s ion  t o  t h e  terms of the  f i r s t  o rde r ,  w e  o b t a i n  

Ne s h a l l  f i n d  the  func t ion  Y and its d e r i v a t i v e s  in case of f l i g h t  a long  

t h e  Homan e l l i p s e .  L e t  a1 be the polar angle a t  t ine of i n i t i a l  boost ,  
and 5, - t h e  po la r  angle  a t  time of encounter wi th  the  f i n a l  o r b i t .  

Then we s h a l l  have 
. 
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# 5 .  - SYSTZN OF NECESSARY CONDITIONS I N  THE CASE OF FLIGHT 
TiiKIIJG IN'I'O ACCOUHT THE COHCRETE NOTION TIME 

AILING ORBITS 

kJe s h a l l  consider  two mate r i a l  bodies  moving a long  the  init ial  
and final o r b i t s .  Depending upon t he  concrete  phys ica l  problem, we can 

t ake  for each m a t e r i a l  body e i t h e r  a rocket ,  a s a t e l l i t e  or a plane t .  

We s h a l l  neg lec t  t he  masses o f  bodies r e l a t i v e  t o  t h a t  of  t he  c e n t r a l  

body, and a l s o  the  dimensions of  m a t e r i a l  bodies.  
Assume t h a t  T i s  t h e  time of passage through t h e  p e r i c e n t e r  1 

on t h e  i n i t i a l  o r b i t  with elements Pi. 41, % obviously,  a t  t h a t  time 
the  polar angle of the f i r s t  ma te r i a l  body w i l l  be O1. To t he  moment 

T2 of passage t?irough the  pe r i cen te r  over  t h e  f i n a l  o r b i t  wi th  e l e n e n t s  

w i l l  correspond the  pol= angle  Up.  - PZ. 4%. 'pt 

A t  t h e  time tl, when the polar  angle is equal  t o  a,, t h e r e  

t akes  p l ace  a h o s t  (impulse),  as a r e s u l t  of which the  f i r s t  m a t e r i a l  

body changes i t s  o r b i t .  A t  t h e  t h e  t2, when the polar angle is 8 
t h e  in te rmedia te  orbFt of the  f l iGh t  i n t e r s e c k s  the  final o r b i t ,  and 

t h e  m a t e r i a l  bodies  meet. 

2' 

Xe must find the  f l i g h t  o r b i t ,  i. e. t h e  elements p, q, a, and 

also t h e  t imes tl and t2 and t he  po la r  angles  3, ,a, i n  such a way, 

t h a t  t he  value of the c h a r a c t e r i s t i c  v e l o c i t y  of the i n i t i a l  boos t  

a t  the  t ine tl be minimum. 
Vle s h a l l  use the  equat ions (1,131 and (1,15) as the  system of 

necessary  condi t ions  wi th  the  corresponding s u b s t i t i t u i o n  of deno ta t ions  

as w a s  done i n  # 2 .  The expression (2,101 i s  v a l i d  f o r  the  func t ion  g. 

The cond i t ions  ( 2 , 2 )  and ( 2 , 3 )  must be f u l f i l l e d  a t  elements' d i scon t i -  

n u i t y  poin ts .  But bes ides  t h a t ,  i t  i s  necessary t o  add the cond i t ions  

of  motion time coincidence till  the  encounter of m a t e r i a l  bodies.  
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We s h a l l  in t roduce  the  fol lowing denotat ions : 

(5.5) 

The condi t ion  0:' motiofi t i u e  coincidecce may be deternined by 

a d i f f e r e n t  method. Assume t h a t  to i s  a c e r t a i n  moment of time; 0 is 
the polar angle of t he  first ma te r i a l  body; & is the  angular  d i s t ance  

between the bodies  a t  t h i s  t i m e ,  computed from the  f i r s t  m a t e r i a l  body. 

Then i t  is necessary t h a t  

0 

(5.7) LI $(si, o o -  pi. 41, ~ ~ * : ) + . > ( ; ~ 2 ,  81, p ,  4, a)-*> (02. w o + o ,  P I ,  q2, wt)=O. 

R e m a r k  1.- It i s  assumed i n  t h i s  work t h a t  t h e  encounter of 

material bodies t a k e s  p lace  during the  f i r s t  convolution O X  i i i g n i  u r L i L  

or t h a t  8'- 6, < a n .  

Remark 2.- The  a r - I e c  a,, 8, must be measured cont i ruous ly  

from t h e  polar  a x i s ,  ar ,: o ~ 2 G  not be bounded by frames 10, 221. 

The system 0.C nc.cessary condi t ions  i n  the  f i n a l  form w i l l  be 



3-3 

The system thus  obtained c m s i s t s  of e i g h t  equat ions  w i t h  

e i g h t  unknowns : i)l,  i+!, pI y, w, i,, A,, i.;. 

# 6 .  - F L I G H T  BETWEE3 CIRCULAR ORBITS TAKING I N T O  ACCOUNT 
THE NOTION TIME 

I n  case of c i r c u l a r  boundary o r b i t s  

q 1 - 0 *  q2=0. (6J) 
. Taking i n t o  account (4,8), we s h a l l  f i n d  

Ef fec t ing  the s u b s t i t u t i o n  of the  c o r r e l a t i o n s  (6,i) and (6,2) 
i n t o  the  system of equat ions ( 5 , 8 )  - (5,151, w e  s h a l l  f i n d ,  t h a t  it 
fol lows from t h e  equat ion (5.11) t h a t  a l l  j . 1 ,&& are no t  simultanous- 

l y  equa l  t o  zero. That i-: 7 r ~ y  the determinant,  composed of c o e f f i c i e n t s  

at  the  m u l t i p l i e r s  11, A,, La ir. t he  homogenous equat ions  (5.81, (5,9), 
( 5 , l 2 )  must be c q a ~ l  LO zero. Let us  compute the  i n d i c a t e d  determinant: 

Yroa t h n  c o r r e l a t i o n  (4 ,5)  and the  e q u a l i t y  (6,3) i t  fol lows,  t h a t  

e i t h e r  sin(i$-o), o r  s in  ( IJp-~o)  a r e  equzl  t o  zero. We s h a l l  ?rove t h a t  

i n  both cases  A3 = 0. 

Let  us assume the  opposi te ,  i. e. t h a t  X ,  # 0. Assume t h a t  sin(Il ,-u)=O; 

then,  it Tallows f ro= the equat ion ( 5 , s )  

and hence p = pl, which i s  i n  con t r ad ic t ion  with t h e  equat ion (5,13). 
S i m i l a r l y ,  we nay show t h a t  (6,4) fol lows from sin(::, ,o)=o 

The e q u a l i t y  (6.4) impl ies  t h a t  the  system of equat ions  ( 5 , 8 )  - 
(5,151 s91its i n t o  two groups: ( 5 , I )  - (5,141 and (5,151. "ne f irst  
group of equat ions  co inc ides  with the  necessary cond i t ions  of the optimun 
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problem without t a k i n g  i n t o  account t he  motion time (#2) 
a unique so lu t ion  - t h e  Homan e l l i p s e .  The equat ion (5,151 i s  the  con- 

and thus has  

. d i t i o n  of not ion  t h e  coincidence and can always be s a t i s f i e d  by t he  

appropr ia te  choice of angular  d i s tance  of t he  p e r i c e n t e r  bl. 

Taking i n t o  account t he  c o r r e l a t i o n s  ( 4 , 9 ) ,  ( 6 , 2 ) ,  %:e have 

from (5,151 

I e t  uz note  tZat ;:CY? 0 ,  ir. t 5 e  z- ?le, - . . . , p > c i i n ~  t o  ti-e p o s i t i o n  of 
t : i L  first material body on the i n i t i a l  o r b i t  a t  the  time 

angle  responding t o  the  Fos i t ion  of  the second material body on the  

fifial o r b i t  a t  the  t i m e  T2* 
t r i c i t i e s ,  i t  is n a t u r a l  t o  keep for WI, oz t he  sense of angular  d i s t an -  

ces  of p e r i c e n t e r s  a l ready  i n  the approximation of the  zero order  rela- 
t i v e  t o  these  e c c e n t r i c i t i e s .  

- 
Tl; d2 is  t h e  

I f  t he  bouniary o r b i t s  have s m a l l  eccen- 

Pass ing  t o  Keplerian elements, i t  i s  re spec t ive ly  found in t h e  

j >), = (I) - 7.. ir -: (1 , .  

e---- I C  ?-)I Taking tio co:ldition o f  motion time coincidence i n  tne i v u 1  \ J 9 f j ,  

we woxtld- obtain in exac t ly  the sane way 

I ;L - w -  E. a ,  < a,. 1- 



# 7 .  - PERIOD OF OFTIMUM SITUATIONS' RECURRENCE 

It fo l lows  from fornu7es  ( G , 6 )  and (6.7) t h z t  a unique u is 
t o  be foimd f o r  every at. ~~~p 6 r . k k  s h a l l  take i n  formula (5.1) 

where n,, n, 
o r b i t s ,  nl, n2 a r e  whole numbers. q, Q. are c e r t a i n  f i x e d  va lues  

of moments of passage time through the  pe r i cen te r s .  Therefore,  for each 

"1, n2 one may conpcte 0 corresponding t o  them. If t he  c l o s e s t  moments 

of time aaong thense lves  a r e  chosen f o r  T1and T2, we s h a l l  ob ta in  the  

l e a s t  value of 0 responding t o  these  time moments. 

are the  revolu i ion  per iods  over t he  i n i t i a l  and final 

L e t  u s  f i n d  t h e  v a r i z t i o n  per iod of t he  optimum value ( t h e  

per iod  of po la r  angle  $1 v a r i a t i o n  will be t h e  same) ,which is tantamount 

t o  t h e  determinat ion of t he  time per iod  i n  t h e  course o f  which the  

otpimum s i t u a t i o n  w i l l  recur .  'de s h a l l  use t h e  i n t e r p l a n e t a r y  f l i g h t  

terminology f o r  the  sake of brevi ty .  

We s h a l l  analyze the case of c i r c u l a r  motion, f o r  example at  

% > a , .  'de s h a l l  cont inuously vary  the  i n i t i a l  d a t a  i n  formula (6 ,8)  
and see  how 0 w i l l  vary. By the s t r eng th  of the  c o r r e l a t i o n s  

where Uo0 is  the  i n i t i a l  value of Wo ; Ilt 
per iod  of t h e  f i n i t e  planet; n i s  ~ Z E  = ~ ~ ~ ~ b e r  of conFlete synodycal 

per iods ,  we s h a l l  obtF-i? fros l o r n u l a  ( 6 , 8 )  

i s  the  synodica l  r evo lu t ion  

1 a? 
l7& - (+)F 

(733) 
w = mot, + c /--- +2x a d z  n. 

a l G 1  - rrZy u., ari/;;Z - alf i l  

It fol lows froio %he las t  c o r r e l a t i o n  t h a t  41 has  one and only one optimum 

value  i n  t h e  course of the  synodical  r evo lu t ion  per iod  of a. f i n i t e  p l a n e t .  
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Let to be tl-e o7:ositicn time a t  a2 > al o r  t he  time of  

lower conjunct ion a t  a i >  a2, and w 0  - the  p l ane t s '  po lz r  angle  

a t  t h a t  nonent 0 2  time. ProiL (6,8), ( 6 , 9 )  we shall have: 

-- ' I !  +ao\xJ1 

u l G ,  - n-;Td.z 
- ut 31:! 

n ;/ ,;; 1 - 
. 2 1  

0 = 0" -+ z- , :',=a, %>a,, t7.4) 

U& - t ~ 

a,{/., - 021/.1 o=u80+" \ * , n,=o-x, &<a, .  (3 

Thus, t he  polar angles  n?_:ays d i f f e r  by a cons tan t  angle from 

t h e  opposi t ion t d e s  a t  t i m e s  of o_>tiLium pos i t i on  of t h e  i n i t i a l  t h r u s t  

(boos t )  [ s e e  formulas ( 7 , ! : ) ,  ( ? , 5 ) ]  ( o r  from t h e  moments of lower con- 

junc t ions  i f  a1 > a2 ). The mean per iod of op tbum s i t u a t i o n  recurrence 

is equal  t o  the  mean synodical  per iod  of r evo lu t ion  of the f i n i t e  p lane t .  

EXAMPLE.- L e t  u s  consider the  f l i g h t  from Ear th  t o  Nars. I n  the  

a2 -1,524, whence W = - 0.525n + do,  astronomical  u n i t  sustem a l = 1 ,  

with  the  angle  0.525~ corresponding t o  96 mean s o l a r  days. Thus, a t  
optimum f l i g h t  t o  I-Tars, i t  is  always necessary to t ake  o f f  96 days 

before  t h e  t imes of Mars opposit ion.  Such a moment took p lace  on October 

31st 1962. s ince  Lars' opposi t ion w a s  on 4 February 1963. The mean 

per iod  of optixiium s i t u a t i o n  recurrence f o r  the f l i g h t  t o  Mars is equal  

t o  the  mean synodica l  per iod  of Mars r o t a t i o n ,  i . e .  780 mean s o l a r  days. 

i.;t 8. - FLIGHT BETWE3 ORBITS O F  SNALL ECCERTRICITIES 
TAKING INTO ACCOUNT THE CONCRETE 

MOTION T I I E  

Ve s h a l l  assume t h a t  q l a n d  q2 a r e  s m a l l .  We s h a l l  introduce 

the  small parameter 

s o l u t i o n  of the  octinum problem, i. e. the  s o l u t i o n  of equat ions (5,6) - 
-(5,15) in the form of  series by powers e .  We s h a l l  des igna te  by s t r o -  

kes t he  s e r i e s '  f a c t o r s  at first powers €, and without s t r o k e s  - t he  

s o l a t i o n  on Cornan e l l i p s e  1 - i t h  t he  appropr i a t e ly  chosen fd 

previous ly  ( see  ( 6 , 6 ) - ( 6 , 9 )  1. !#e shall r e t a i n  only  the terms of t h e  

f i r s t  o rde r  of smallness.  

E according t o  forrilulas ( 3 , l l ) .  Ne s h a l l  seek the  

(as w a s  done 
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Taking i n t o  account t h e  c o r r e l a t i o n s  (4,811. ('+,lo), and i n t r o -  

ducing t h e  denota t ions  3, 2, z, .;!e f i n d  

Tke equatior,s ( 3 , 6 ) ,  (8,7) coincide w i t h  the  equakions (3,14), 
(3,151, and hence formulas (3,171, (3,18) follow d i r e c t l y  f o r  p' ,  9'. 

The l a t t e r  means, t h a t  t he  shape of t h e  f l i g h t  o r b i t  will be t h e  same 
as in t h e  case  of t he  problem without t a k i q  i n t o  account the no t ion  the. 

As z. consec:uence of equat ions (8,1), ( S , 2 )  and (8,5), we have 
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Fornulas  ( 8 , 9 )  - (8,121 and (3,171, (3,18) provide the  co r rec t -  

ion t o  the  Homan e l l i p s e  f l i g h t  o r b i t  i n  t he  case when the  i n i t i a l  and 

f i n a l  o r b i t s  have s m a l l  e c c e n t r i c i t i e s .  

Remark.-  The i n i t i a l  angle of the  pull at i n i t i a l  t h r u s t  ia 
no t  c l e a r l y  f igu red  i n  ths work. The tangent  of  this angle  may be e a s i -  

l y  found as the  r a t i o  of the  r a d i a l  t o  t r ansve r se  v e l o c i t y  a c c r e t i o n  

component. 

I n  conclusion I convey my s i n c e r e  g r z t i t u d e  t o  my l e a d e r  

Prof. V. S, Novoselov f o r  h i s  cons tan t  a i d  i n  the  work. 
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